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Abstract. For a cyclic group A and a connected Lie group G with an A- 
module structure (with the additional conditions that G is compact and the 
A- module structure on G is 1-semisimple if A = Z), we define the twisted Weyl 
group W = W(G, A, T), which acts on T and H 1 (A, T), where T is a maximal 
compact torus of Gq, the identity component of the group of invariants G A . 
We then prove that the natural map W\H 1 (A,T) — * H 1 (A,G) is a bijection, 
reducing the calculation of H 1 (A, G) to the calculation of the action of W on 
T. We also prove some properties of the twisted Weyl group W, one of which 
is that W is a finite group. A new proof of a known result concerning the 
ranks of groups of invariants with respect to automorphisms of a compact Lie 
group is also given. 



1. Introduction 

Let A be a group, and let G be a connected Lie group with an A-module struc- 
ture. It is proved in pQ that, if A is finite, then there exists a maximal com- 
pact subgroup K of G which is an A-submodule of G, and for every such K, 
H l (A,K) — > i/ 1 ^, G) is a bijection. This reduces the calculation of H l {A, G) to 
the calculation of H 1 (A, K) for K compact. 

Based on some results in £Q, in this paper we go further along this direction. We 
reduce the calculation of i? 1 (Z, G) for G compact, and Jf 1 (Z/nZ, G) for G general, 
to the calculation of the action of the twisted Weyl group on a compact torus of G. 

Let A be a cyclic group, that is, A is isomorphic to Z or Z/nZ, and let G be a 
connected Lie group with an A-module structure. In the case of A = Z, we always 
assume that G is compact and the Z-module structure on G is 1-semisimple, that 
is, 

ker(l - da) = kcr((l - da) 2 ) 

for a generator a of A. Let T be a maximal compact torus of Gq, the identity 
component of G A = {g € G\a(g) = g,Va G A}. Then it is proved in that the 
natural map H 1 (A, T) — > H 1 (A, G) is surjective (see Theorems 4.1 and 5.1 in pP). 
Let a be a generator of A. Denote 

Z a (T) = {g G Glgtaig)- 1 = t,Vt G T}, 

N„(T) = {g G GlgTaig)- 1 = T}, 

then Z a {T) and N a {T) are closed subgroups of G, Z a (T) is normal in N a {T). 
Define the twisted Weyl group W = W(G, A, T) by 

W = N a (T)/Z a {T). 
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Then it can be proved that W is independent of the choice of a, and, as an abstract 
group, W is independent of the choice of T . It can also be proved that W is a finite 
group. 

Since T is abelian and A acts trivially on T, H 1 (A, T) may be identified with the 
set of cocycles Z 1 (A,T), which consists of homomorphisms A — > T. The twisted 
Weyl group W acts on Z l {A, T) = H X (A, T) by 

(w.a)(a) = ga{a)a{g)~ l , 

where w £W,a <E Z 1 (A,T),a e A,g E w. Denote by W\H 1 (A,T) the space of 
lU-orbits in H X {A,T). Then the natural map H X {A,T) -> H^A^G) reduces to a 
map W\H X {A, T) -> H 1 (A, G) . 

The main result of this paper is the following assertion. 

Theorem 1.1. Suppose A is a cyclic group, G is a connected Lie group with an 
A-module structure. If A = Z. we assume that G is compact and the Z-module 
structure on G is \-semisimple. Let T be a maximal compact torus of G$, W = 
W(G, A, T) the associated twisted Weyl group. Then the map W\H X (A,T) — > 
if 1 (^4, G) is a bisection. 

Upon choosing a generator of A, we may identify T) with T (if A = Z) or 

the finite subgroup E n (T) = {t £ T\t n = e} of T (if A = Z/nZ). So Theorem PI 
reduces the calculation of H 1 (A, G) to the calculation of the action of W on T or 
E n (T). (This action will be defined directly in Section 3.) 

In the case of A = Z/2Z, G is a complex reductive group, and Z/2Z acts on G 
by complex conjugation with respect to a real form of G, the bijectivity of the map 
W\H 1 (Z/2Z, T) -► H 1 {Z/2Z 1 G) was proved by Borovoi g). 

Our proof of Theorem 11.11 relies on the notion of twisted conjugate actions of 
Lie groups associated with automorphisms. Recall that for a Lie group G with an 
automorphism a, the twisted conjugate action of G on itself associated with a is 
defined by 

T g (h) = ghcx{g)~ x . 

Two elements g±, gi € G are a -conjugate if they lie in the same orbit of the twisted 
conjugate action associated with a. The utility of this notion is based on the 
following fact: If A is cyclic with a generator a, then two cocycles a-i, a% £ Z 1 (A, G) 
are cohomologous if and only if a.\{cr) and tt2(c) are er-conjugate. 

Similar to the definition of W(G, A, T), we can define the twisted Weyl group 
W(G, a, T) associated with an individual automorphism a of G, which acts natu- 
rally on the maximal compact torus T of Gg. The proof of Theorem 11.11 is based 
on the following result. 

Theorem 1.2. Let G be a connected compact Lie group with a 1-semisimple au- 
tomorphism a, T a maximal torus o/Gg. Then two elements t\,t2 6 T are a- 
conjugate if and only if they lie in the same W(G,o~,T)-orbit. 

To prove Theorem IP we need the following known result. 

Theorem 1.3. Let <J\,ai be automorphisms of a connected compact Lie group G. 
If o~2 ° o~i is an inner automorphism of G, then rankGg 1 = rankGg 2 . 

Although the proof of Theorem 1 1.31 is implicitly included in Gantmacher 0, the 
author can not find an explicit reference for it. Using properties of twisted conjugate 
actions, we give a new proof of Theorem ll.Hl in Section 2. In Section 3 we define the 
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twisted Weyl group of a Lie group associated with an automorphism, prove some 
of its properties, and give the proof of Theorem 1 1.21 The proof of Theorem II. II is 
given is Section 4. 

The author would like to thank Jiu-Kang Yu for kind guidance. 

2. A PRELIMINARY RESULT 

We discuss in this section a known result concerning groups of invariants with 
respect to automorphisms of a compact Lie group, which will be used in the proofs 
of some results in later sections. 

For a connected Lie group G with an automorphism a, we denote by G CT — {g £ 
G\a(g) = g} the group of invariants, and denote by Gq the identity component of 
G a . 

Theorem 2.1. Let oi,o~2 be automorphisms of a connected compact Lie group G. 
7/(72 ° o~\ X is an inner automorphism, then rankGg 1 = rankGp 2 . 

Theorem 12.11 was implicitly proved in (see also Chapter 4, Section 4). 
But the author can not find an explicit reference. Here we give a new proof of this 
result, with the aid of some properties of twisted conjugate actions. This may also 
be viewed as an application of twisted conjugate actions. 

We first prove the following basic result. 

Lemma 2.2. Suppose a Lie group G acts smoothly on a smooth manifold M . Let 
n = dimM, d be the maximal dimension of G-orbits in M. If N is a closed 
submanifold of M such that the intersection of every G-orbit with N is a nonempty 
and discrete subset of M , then dim N = m — d. 

Proof. Denote the action of G on M by ip : G X M — > M. For x £ M, denote the 
G-orbit containing x by O x . Let M 1 = {x £ M\dimO x = d}. Then for a point 
x £ M, x G M' if and only if the differential of the map <p(-,x) : G — > M has 
maximal rank. So M \ M' can be locally described as the zero locus of a smooth 
function on M. Then M' is open in M. 

Since <p is transversal to M, </? -1 (iV) is a closed submanifold of G x M. Denote 
by 7T2 : G x M — > M the projection to the second factor, and consider the restriction 
7 ^2\ip- 1 (N) '■ ^H^O — * M of 7r 2 to ^^-(N). By Sard's Theorem, we can choose 
a regular value p £ M 1 of 7T2| v -i(at)- Since O p PI N is nonempty, there exists 
g G G such that q = f(g,p) £ N. Since (g,p) is a regular point of ^lip-^tN)^ 

r MP" 1 ( J 0+ T N G x = T (9*) G x M - This im P lies T q N + T q O p = T q M. So 
N intersects O p transversally at q. But N(~)O p is discrete, so dim7V + dimO p = n. 
Note that p £ M' implies dim O p = d, we have dim N = n — d. □ 

Proof of Theorem \2.1\ Let Ti,T2 be the twisted conjugate actions associated with 
<Ti and (72, respectively. We first assume that G is semisimple. Let T\,T<i be maxi- 
mal tori of Gq 1 and Gq 2 , respectively. Then by Theorem 6.1 in pQ, the intersection 
of every Ti-orbit (resp. T2-orbit) with T\ (resp. T%) is nonempty and finite. By 
Lemma \l. 21 we have 

dimTi = dimG — the maximal dimension of Ti-orbits, 



dimT2 



= dim G — the maximal dimension of T2-orbits. 
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But by Proposition 6.1 in pQ, n and T2 are equivalent. So the maximal dimension 
of Ti-orbits and that of T2-orbits coincide. Thus we have dimXi = dimT2, that is, 
rankGo 1 = rankGo 2 . 

For the general case, let G s be the semisimple part of G, and let Gt be the 
identity component of the center of G, which is a compact torus. Then G s and Gt 
are invariant under o\ and 02. Since 02 ° a^ 1 is inner, {Gt)^ 1 — (G()g 2 . But we 
have proved that rank(G s )g 1 = rank(G s )o 2 . So 

rankG^ 1 = rank(G s ) ri + dim(G t )o 1 = rank(G s )£ 2 + dim(G t )o* = rankG^ 2 . 

□ 

3. Twisted Weyl groups associated with automorphisms 

In order to define the twisted Weyl group associated with an ^-module structure 
on a Lie group, in this section we first consider the twisted Weyl group associated 
with a single automorphism of a Lie group. 

Let G be a connected Lie group with an automorphism a. For technical reasons, 
we always make the following assumptions. 

(1) If G is compact, we assume that a is 1- semisimple, that is, 

ker(l - da) = kcr((l - da) 2 ); 

(2) If G is noncompact, we assume that a is of finite order. 

Note that an automorphism of finite order is 1-semisimple. Let r be the twisted 
conjugate action of G on itself associated with a, which is defined by r g (h) = 
gha(g)~ 1 . For a closed subgroup H of G, denote 

Z a (H) = Z a . G {H) = {g e G\r g (t) = t,Vte H}, 
N a (H) = N a , G (H) = {g e G\T g (H) = H}. 
Then Z a (H) and N a (H) are closed subgroups of G, and Z a (H) is normal in Z a (H). 
Now let T be a maximal compact torus of Gq. Define the twisted Weyl group 
associated with a by 

W(G,a,T) = N a (T)/Z a (T). 
We will denote W(G, a, T) by W(a, T), or W(T), or simply W, if the omitted data 
are explicit from the context. 

Proposition 3.1. As an abstract group, W(T) is independent of the choices ofT. 

Proof. Let T' be another maximal compact torus of Gq. By Proposition 5.1 in 
PP, there exists g € Gq such that T' = gTq^ 1 . It is easily verified that Z a (T') = 
gZ a {T)g-\ N a {T>) = gN a {T)g-\ So W(T) £* W{T>). □ 

Proposition 3.2. (i) Z a {T) C G CT ; 

(ii) The Lie algebras of Z a {T) and N a (T) coincide; 

(Hi) If G is compact, then the Lie algebras of Z a (T) and Na-(T) coincide with the 
Lie algebra of T . 

Proof, (i) Let g G Z a (T), then for every t £ T, r g (t) = t. In particular, r g (e) — 
ga(g) -1 — e, that is, a(g) = g. Hence g G G a . 

(ii) If X belongs to the Lie algebra of N a (T), then for every s G K and ev- 
ery t G T, T eS x (t) = e ^ te -sda(x) G T Thig implies _ Ad(t)da)X G I, the 
Lie algebra of T. Since t C ker(l - Ad(i)der), (1 - Ad(t)da) 2 X = 0. Since the 
mutually commutative endomorphisms da and Ad(t) are 1-semisimple, Ad(t)da is 
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1-semisimple. So we have (1 — Ad(t)da)X = for every t G T, that is, X belongs 
to the Lie algebra of Z a (T). 

(iii) Suppose G is compact. By (i), the identity component Z CT (T)o of Z a (T) is 
contained in G%. So Z a (T) C ZJT) nGJ = Z G? (T) = T, where Z GZ (T) is the 
centralizer of T in Gq. But T C Z a (T) , so Z CT (T)o = T. Hence the Lie algebra of 
Z a (T) coincides with the Lie algebra of T, and then (iii) follows from (ii). □ 

Remark 3.1. Suppose G is compact. If a is the identity, we have Z a (T) = Zg{T) 
7 , But this does not hold for general a, although Z a (T) and T have the same Lie 
algebra. For example, let G = U (3) with automorphism er defined by a(g) = g. 
Then G a = 0(3), Gq = 50(3). T = diag(50(2), 1) is a maximal torus of Gft, 
. 9 = diag(l,l,-l)eZ ff (T),but. 9 ^T. 

Remark 3.2. It is not necessary that N a (T) C G°\ Consider also the example in 
the above remark. Then ft = diag(i,i, 1) G N a (T), but ft ^ G°\ 

By (ii) of Proposition 13.21 the twisted Weyl group W is finite if G is compact. 
We claim that it is also finite in the noncompact case. To prove this, we need some 
preliminaries, some of which are also used in the next section. 

Suppose G is a connected Lie group with an automorphism a of finite order. By 
Theorem 3.1 in [I], there always exists a maximal compact subgroup K of G which 
is er- invariant. We first prove two lemmas. 

Lemma 3.3. Let G be a connected Lie group with an automorphism a of finite 
order, and let K be a a-invariant maximal compact subgroup of G. Then every 
g G G admits a decomposition g = kp such that k £ K , and such that for every 
fa, k 2 G K, ifr g (fa) = k 2 , then T k (fa) = k 2 , T p (fa) = fa. 

Proof. Let g and t be the Lie algebras of G and K, respectively. By 0], Chapter XV, 
Theorem 3.1, there exist linear subspaces mi, ■ • ■ , m r of g with g = 6 ©mi © • ■ • ©m r 
such that Ad(fc)(rrii) = mi, Vfc G K,i € {1, • • • , r}, and such that the map ip ; K X 
mi x • • • x m r — > G defined by ip(k, X\, ■ ■ ■ , X r ) — ke Xl ■ ■ ■ e Xr is a diffeomorphism. 
For g G G, write g as g = ke Xl ■ ■ ■ e Xr , where k G K, Xi G m^. Let fa, fa G K such 
that Tg(fa) — gfaa(g)^ 1 = fa. Rewrite this equality as k^ 1 gfa = ki 1 fao~(g), then 
we have 

(*r 1 A:fei)e Ad ( fc r I )^... c Ad(fcr 1 )x r = {k ^k 2 a(k))e d ^---e d ^\ 

that is, 

(p(k^ 1 kfa,Ad(k^ 1 )X 1 ,--- , Adik^Xr) = ( i 9(fcf 1 fc 2 cr(fc),dcr(Xi), - •■ ,da(X r )). 

Since ip is a diffeomorphism, we have kfa = k^[ 1 k 2 a(k) : that is, Tfe(fci) = fa. 
Let p = e Xl ■ ■ ■ e Xr = k~ 1 g 1 then T p (fa) = r fc -i o r g (fa) = r k -i(k 2 ) = fcj. This 
proves the lemma. □ 

Lemma 3.4. Le£ G be a connected Lie group with an automorphism a of finite 
order, and let K be a a-invariant maximal compact torus of G. Then for every 
closed subgroup H of K, N a , G (H) = N aJ< (H) ■ Z a>G (H). 

Proof. It is obvious that N a .ic(H) ■ Z a ^ G (H) C N a ,a{H). To prove the converse, let 
9 £ N a G(H). Write g — kp as in Lemma l3~51 Then for every hi G H, h 2 = r g (hi) G 
H C K. So r fc (fti) = ft 2 G H, Tp(ftx) = fti, that is, k G N a , K (H),p G Z a , G (H). 
Hence g G JV ff)JC (JJ) • Z f , c (ff). This proves N atG {H) C ^^(ff) • Z atG {H). □ 



6 



JINPENG AN 



Corollary 3.5. Let G be a connected Lie group with a maximal compact group if , 
H a closed subgroup of K . Then N G (H) = N K {H) ■ Z G (H). □ 

Proposition 3.6. Let G be a connected Lie group with an automorphism a of finite 
order. Then 

(i) For every maximal compact torus T of Gq, there exists a a-invariant maximal 
compact subgroup K of G such that T is a maximal torus of Kq ; 

(ii) For every a-invariant maximal compact subgroup if of G and every maximal 
torus T of Kq , T is a maximal compact torus of Gq. 

Proof, (i) Suppose a is of order n. Then Z/nZ acts on G by (m,g) i— » a m {g). 
Consider the semidirect product G x Z/nZ. Then T XI Z/nZ is a compact subgroup 
of G xi Z/nZ. Let if be a maximal compact subgroup of G xi Z/nZ containing 
T x Z/nZ, and let if be the identity component of K. Then if is a maximal 
compact subgroup of G containing T. Since T C Gq, T C Kq. Moreover, since T 
is a maximal compact torus of Gq , T is a maximal torus of if q . 

(ii) Suppose if is a cr-invariant maximal compact subgroup of G, T is a maximal 
torus of ifp . It is obvious that T is a compact torus of Gq. Let T" be a maximal 
compact torus of Gq containing T. We want to prove that T" = T. 

By (i), there is a a-invariant maximal compact subgroup if' of G such that T 1 is a 
maximal torus of (if')o ■ By @j, Chapter XV, Theorem 3.1, there exists g G G such 
that gK'g~ x = if. Then gT'g^ 1 is a maximal torus of c/(if ')o3 _1 - But for k G if, 
Jfe G giK'Yg- 1 <S> a^kg) = g~ x kg & k G G Inn ( 9<T ( 9 ^ 1 ) 0,T , where Inn^tr^)- 1 ) is 
the inner automorphism of G induced by ga(g)^ 1 . Note that Inn(g(T(g) _1 )(if ) = 
5( j( ff )- 1 ifa( 5 ) 5 - 1 = ga(g- 1 Kg)g- 1 = ^if'^ 1 = if, that is, if is Inn^a^)- 1 )- 
invariant. So g(K')° g~ x = #i"»nto»(»r 1 )°» and then g(K%g- x = K^ 9 ^ 1}oa . 
By Corollary [3*31 gcr^)" 1 G iV G (if) = if • Z G {K). So hxn(ga{g)- 1 )\ K is an inner 
automorphism of if. By Theorem 12.11 rankifg = rankifg" 11 ^ 9 ' 7 ''^ , that is, 
dimT = dim c/T'cT 1 = dimT". Hence T' = T. □ 

Let G be a connected Lie group with an automorphism a of finite order, and 
let T be a maximal compact torus of Gq. By Proposition 13. 61 we can choose a cr- 
invariant maximal compact subgroup if of G containing T. The natural inclusion 
Nv,k{T) ^ N (t ,g( T ) induces a natural map W(K, a\ K , T) -> J¥(G, a, T). 

Proposition 3.7. Under the above conditions, the natural map W(K,o~\k,T) — > 
W(G,<7, T) is an isomorphism. 

Proof. By Lemma 13.41 we have 

W(G, cr,T) 

=N aiG {T)/Z atG {T) 

=N„ tK (T) ■ Z a , G (T)/Z atG {T) 

=N a , K (T)/N^ K (T)nZ^ G (T) 

=N (T , K {T)/Z (TtK (T) 

=W(K,a\ K ,T). 

It is obvious that the inverse of the above isomorphism coincides with the natural 
map W(K, a\ K ,T) — » er, T). This proves the proposition. □ 

Proposition 3.8. W(G, cr, T) is a finite group. 
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Proof. First assume G is compact. Since Z a (T) and N a (T) are closed subgroups of 
G, they have finitely many connected components. But by (ii) of Proposition 13. 21 
their identity components coincide. So W(G,cr,T) = N a (T)/Z a (T) is finite. 

Now suppose G is noncompact. By Proposition 13.61 there exists a cr-invariant 
maximal compact subgroup K of G such that T is a maximal torus of i^g . By 
PropositionO W(G,a,T) = W{K,a\ K ,T). But we have proved that W(K, ct\k,T) 
is finite. So W{G, a, T) is finite. □ 

The twisted conjugate action r associated with a induces naturally an action of 
W on T, defined by 

w.t = Tg(t), 

where w £ W(G, cr, T), i £ T, g £ w. If a is of finite order and n is a positive integer 
which is divisible by the order of a, then the finite subgroup E n (T) = {t £ T\t n = e] 
of T is invariant under the natural action of W on T. In fact, if t £ E n (t), g £ 
N a {T), then r g (t) n = (pt^)" 1 )" = (gtvig-^Mgtaig- 1 )) ■ ■ ■ ^(gtaig- 1 )) = 
gt n a n {g- 1 ) = e, that is, T g (t) £ E n (T). So W acts naturally on E n (T). 

The following result is important for us to prove the main result in this paper. 

Theorem 3.9. Let G be a connected compact Lie group with a 1-semisimple au- 
tomorphism a, T a maximal torus o/Gq, W — W{G,a,T). Then two elements 
t\,t2 £ T are a-conjugate if and only if they lie in the same W -orbit. 

Proof. The "if part is obvious. To prove the converse, assume that £i,ia £ T are 
cr-conjugate, that is, there exists g £ G such that t 2 = T g {t\). Let G tl = {h £ 
G\Th(ti) = ti}, and let {G tl )o be the identity component of G tl . It is obvious 
that T C (G tl ) - Note that h £ G tl ^ hha(h)- 1 = i x -o- h = tiaQi)^ 1 <=> h £ 
G Inn(tl)o<T , that is, G tl = G Inn(tl)o(T . By Theorem IO rankGJ = rank(G tl ) - So T 
is a maximal torus of (Gt 1 )o- 

We claim that g _1 Tg C (Gtjo- In fact, for every t £ T, we have T„-i tg (ti) = 
T g -i or t o T g {t\) = T g -i o T t {t 2 ) = T g -i(t 2 ) = h. So g^Tg C G tl . But g~ x Tg is 
connected, so g~ x Tg C (G tl )o- 

Since T and g~ x Tg are maximal tori of (G* 1 )o, there exists x £ (Gt 1 )o such that 
xTx^ 1 = g~ 1 Tg. Let y = gs, then y~ 1 Ty = T, and then r y -i{T) — y~ 1 Ta(y) = 
y- x Tyy-H 2 <j(y) = T X - 1 g- 1 t 2 a(g)a(x) = Tr^^h) = Tt x = T. So y £ N^T). 
But T y (t\) = Tg o r x (ti) = Tg(t\) = t 2 . So t\ miA. t 2 lie in the same VF-orbit. This 
completes the proof of the theorem. □ 

4. Twisted Weyl groups and nonabelian cohomology 

In this section we define the twisted Weyl group associated with an A-module 
structure on a Lie group, and give the proof Theorem lf.fi 

Let A be a cyclic group, that is, A = Z or A = Z/nZ, and let G be a connected 
Lie group with an A-module structure. If A = Z, we always assume that G is 
compact and the Z-module structure on G is 1-semisimple, that is, the action of 
a generator of Z on G is 1-semisimple. Let T be a maximal compact torus of 
G A . Then for every generator a of A, we can construct the twisted Weyl group 
W{G, a, T) associated with a. 

Proposition 4.1. Under the above conditions, W(G,a,T) is independent of the 
choice of the generator a of A. 
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Proof. It is sufficient to prove that Z a (T) and N a (T) are independent of the choice 
of a. By (i) of Proposition E2J Z a (T) C G A . So Z a {T) = Z g a(T), which is 
obviously independent of the choice of a. 

To prove that N a (T) is independent of the choice of a, let a' be a generator of 
A different from a. If A = Z, then a' = cr" 1 . Let g G N a (T), then 

= ( r- 1 ( ( r(. 9 )T 9 - 1 ) = a- 1 (( ff ra(.g)- 1 )- 1 )) 
^"^T" 1 ) =T. 

So 5 G iV CT /(T). Hence iV CT (T) C N a ,{T). By symmetry, we have N a (T) = N a ,{T). 
li A = Z/nZ, then there exist positive integers r and s such that a' = a r , a = (a') s . 
Let 5 G N a (T), then 

.gTa'(g)- 1 - .gTa^g" 1 ) 

=(.9Ta(^ 1 ))(a(. 9 )Ta 2 (. 9 - 1 )) • ■ • {a^\g)T^{g^)) 

^gTaig-^aigTaig- 1 )) ■ ■ ■ a^igTaig- 1 )) 

Hence N a (T) C N a ,{T). By symmetry, we also have N a {T) = N a ,{T). □ 

In virtue of Proposition ^. II we can define the twisted Weyl group associated with 
the A-module G by 

W(G,A,T) = W(G,a,T). 

By Proposition W(G, A, T), as an abstract group, is independent of the choice 
of T. We will simply denote W(G, A, T) by W if the omitted data are explicit from 
the context. 

Now consider the cohomology H 1 (A,T). Since T is abelian and A acts trivially 
on T, H 1 (A,T) coincides with the set of cocycles Z 1 (A,T), and an element a £ 
Z 1 (A,T) is a homomorphism a : A — > T. Then W(G, A,T) acts naturally on 
Z\A,T) = H 1 (A, T) by 

(u).a)(o) = ga(a)a(g)' 1 , 

where to G W(G, A, T), a G ^(A, T), agi,jSw. 

Since A is cyclic, a homomorphism a : A — > T is determined by its value a(o~) on 
a generator cr of A. So if a generator a of A is chosen, we have natural identifications 
T Z X (Z,T) ~ H\Z,T) and£„(T) = Z 1 (Z/nZ,T) ff^Z/nZ, T). Under these 
identifications, it is obvious that the natural action of W(G,Z,T) on iJ 1 (Z,T) 
coincides with the natural action of W(G, ct, T) on T, and the natural action of 
W(G,Z/nZ,T) on H 1 {Z/nZ,T) coincides with the natural action of W(G,a,T) 
on E n (T). 

The natural inclusion T > G induces a natural map ff 1 (Z,T) — > i/ 1 (Z, G), 
which obviously reduces to a map W A \ J ff 1 (Z, T) -> F X (Z, G). Now we are prepared 
to prove the main result of this paper. 

Theorem 4.2. Let A be a cyclic group, G a connected Lie group with an A-module 
structure. If A = Z, we assume that G is compact and the Z-module structure on 
G is 1-semisimple. Let T be a maximal compact torus of G A , W = W(G, A,T) 
the associated twisted Weyl group. Then the map W\H l (A,T) — » 7J 1 (^4, G) is a 
bijection. 



TWISTED WEYL GROUPS OF LIE GROUPS AND NONABELIAN COHOMOLOGY 9 

Proof. By Theorems 4.1 and 5.1 in Q], the natural map H l (A,T) -> H 1 (A, G) is 
surjective, so W\H 1 (A,T) -> i? 1 (^4, G) is surjective. 

To prove the injectivity, we first assume A = Z. Choose a generator cr of Z. 
Then there is an identification i/ 1 (Z, T) = T, under which the natural action of 
W(G,Z,T) on H 1 (Z,T) coincides with the natural action of W(G,a,T) on T. 
Suppose tt,ts GT = H 1 (Z, T) have the same image in ff 1 (Z, G) under the natural 
map H 1 (Z,T) — > H 1 (Z,G). Then fi and £2 ar e ex-conjugate. By Theorem 13.91 ti 
and i 2 lie in the same W(G, ct, T)-orbit. So W A \i? 1 (Z,T) -> B Y {Z,G) is injective. 

Now assume that A = Z/nZ. By Proposition 13. 61 there exists a maximal com- 
pact subgroup K of G which is a Z/nZ-submodule such that T is a maximal torus 
of K% /nZ . By Theorem 3.1 in [I], the natural map H 1 {J J /nL 1 K) -> Jf^Z/raZ, G) 
is bijective. So it is sufficient to prove that M / \7J 1 (Z/nZ, T) — > H 1 (Z/nZ, K) 
is injective. Let cr' be a generator of Z/nZ. Then there is an identification 
U x (ZlnZ,T) = E n (T). Suppose h,t 2 G E n (T) = H l {Z/riL,T) have the same 
image in H 1 (Z/nZ, K) under the natural map H 1 (Z/nZ,T) — > H 1 (Z/nZ, K). 
Then ii and £2 are <r'| if -conjugate. By Theorem 13.91 t% and £2 he in the same 
W(K, a' \ K ,T)-orbit. But by Proposition E3 W(G,cr',T) = W(K, a'\ K , T), and it 
is obvious that the natural actions of W(G,a',T) and (K, ct'\k, T) on T coincide. 
So W\H 1 (Z, T) — > H 1 (Z, G) is injective. □ 

Remark 4.1. By Proposition l3.6l for a connected Lie group G with a Z/nZ-module 
structure, the family {T|T is a maximal compact torus of Gq^™ Z } coincides with 
the family IJ^{T|T is a maximal torus of A'q^™ 2 }, where -fT runs through all max- 
imal compact subgroups of G which are Z/nZ-submodules. 
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